Entanglement degree for Jaynes-Cummings model 
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Recently, it has been known that a quantum entangled state plays an important role in the field 
of quantum information theory such as quantum teleportation and quantum computation. The 
research on quantifying entangled states has been done by several measures. In this letter, we will 
adopt the method using quantum mutual entropy to measure the degree of entanglement on the 
Jaynes-Cummings model. 



PACS numbers: 89.70.+C, 03.65. Bz, 42.50.Dv 

The degree of entanglement for mixed states has been 
studied by some entropic measures such as entanglemnt 
of formation (!]], quantum relative entropy Q and the 
degree of entanglement which is denned by entropy mi- 
nus mutual entropy In this letter, we will apply the 
degree of entanglement due to quantum mutual entropy 
||, we call it DEM in the sequel, to the entangled state 
in the Jaynes-Cummings model ||. Vedral et al. de- 
fined the degree of entangled state a as a minimum dis- 
tance between all disentangled states pel? such that 
E (a) = min €T> D (er| |p) where D is any measure of dis- 
tance between the two states a and p |2| . For an example, 
one can choose quantum relative entropy as D. Then, 

E(a)=mmS(a\p), (1) 
pel? 

where S Mp) = tra (log a — log p) is quantum relative 
entropy j6|,[7| . Since this measure has to take a minimum 
over all disentangled states, it is difficult to calculate ana- 
lytically for the Jaynes-Cummings model so that we use 
the DEM defined below. Moreover, there has been no 
fixed-definition of entanglement measure, though some 
measures have been defined other than the above mea- 
sure defined in (|). So we can use the convenient measure 
which ever we want case-by-case. 

Let cr be a state in 61 <S> 62 and pk are the marginal 
states in &k {i.e. trjcr — pk(k 7^ j) ). Then our degree 
of entanglement due to quantum mutual entropy (DEM) 
is defined by: 

la {pi,P2) = tra (logo- - logpi <g> p 2 ) . 

Note that the tensor product state p\ ® p 2 is one of the 
disentangled states. This quantity is applied to classify 
entanglements in j3|. If a G &i l S>&2 is an entangled pure 
state, then its von Neumann entropy is equal to (i.e., 



S (a) = 0). Moreover, from the following inequality ||: 

\S(pi)-S(p 2 )\<S(a)<S( Pl ) + S( P2 ) 

we have S (pi) = S (p 2 ). Thus we have 

Ia{pi,P2) = tra (log cr - log pi <8> p 2 ) 

= S ( Pl ) + S (p 2 ) - S (a) (2) 

Therefore, for entangled pure states, the DEM becomes 
twice of von Neumann reduced entropy. That is, if we 
want to know the degree of the entangled pure states, it is 
sufficient to use von Neumann reduced entropy. However, 
for entangled mixed states which appear in many cases, 
we have to use the DEM. From (|J), we also find that the 
entanglement degree in a pure state is bigger than that 
in a mixed state. 

The Jaynes-Cummings model has been studied by 
many researchers from various points of view 

§0 be- 
cause this model has a very simple form and can be ex- 
actly solvable. One of the most interesting features on 
this model is the entanglement developed between the 
atom and the field during the interaction. There have 
been several approaches to analyze the time evolution 
in this model, for instance, von Neumann entropy and 
atomic inversion. In this letter, we will apply the DEM 
to analyze the entanglement of the Jaynes-Cummings 
model. 

The resonant Jaynes-Cummings model Hamiltonian 
can be expressed by rotating-wave approximation in the 
following form 

H = Ha + Hp + Hi, 
H A = ^hu <J z , H F = hw a*a, 
Hi = hg(a <g> cr + -I- a* <g> cr - ), 
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where g is a coupling constant, are the pseudo-spin 
matrices of two-level atom, o~ z is the z-component Pauli 
spin matrix, a (resp. a*) is the annihilation (resp. cre- 
ation) operator of a photon. We now suppose that the 
initial state of the atom is a superposition of the grounded 
state and the excited state: 



p = X E + Ai^i G 6 A 

where E = |1) E x = |2) (2|, A + Ai 
field initially be in a coherent state: 



1. Let the 



\o) (o\ g e F , 



exp 



The continuous map £ t * describing the time evolution be- 
tween the atom and the field for the Jaynes-Cummings 
model is defined by the unitary operator generated by H 
such that 



£: P = u t (p®uj)u;, 



(3) 



U t = exp 



H 



This unitary operator Ut is written as 



U t = exp (-itH/h) 



n=0 j=0 



(n) 



(n) 



where E n j = exp 
eigenvalues with Q 



(4) 



arc the 



and $ 



(n) 



gyn+L called Rabi frequency 
are the eigenvectors associated to E n j. 
The transition probability which the atom is initially 
prepared in the excited state and stays at the excited 
state after the time t is given by 



c(t) = |(n<g>2|[/ t |n®2)| 2 



exp(-|0| 



2 )E 



■ cos 2 Q n t. 
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FIG. 1. Transition probability as a function of time t. 



FIG.l shows the transition probability for a coupling 
constant g = 1 and a mean photon number \9\ 2 = 5. 
This model yields a dephase around the time t c « 1/g 
and shows the damped oscillation with the gaussian en- 
velope. This dampping is caused by the difference and 
interference of the Rabi frequency Q n . This damping 
phenomenon is often called Cummings collapses ]l0| , pl| . 
FIG.l shows that the atom in this model is the most un- 
certain state at the time when the transition probability 
is equal to 0.5, namely t ss 3 ~ 7. So, it can be seen 
that the system in this model at that time becomes the 
most correlated. Later the system shows revival around 
t r « 2n\9\/g. The reason of revival is considered as 
a rephase, and its revival periodically appears at each 
T k = kt r (k = 1, 2, 3, • • •)• It is also known @Jl| that 
the system in this model returns most closely to a pure 
state of the atom around t r /2, during the collapse inter- 
val. For details on this model, the readers may refer to 
the excellent reviews ||,[l0| . 

From (||) and (Q), the entangled state between the 
atom and the field follows as 



£* t p = e x (i)|2<g>n) (2<gm| 

+ e 2 (t) 1 2(g) n) (1 ®n + 1| 
+ e 3 (t) |l®n+l> (2®n| 
+ e 4 (t)|l<8m+l) (l<gm + l| 



(5) 



where 

ei(t) =Ao«(t)+Aic(t), 



e 2 (t) = 1 exp (-|0| 2 ) (Ai - A ) ^ ^y- sin 2Q n t 



e 3 (t) = y cx p(-|^| 2 )( A i- A o)E ^psin2fi n t, 
e 4 (i) = A c(i) + Ais(i), 

|0|2n 



aft) =exp (-|0| 2 )V ^-sin 2 fi„t. 



Taking the partial trace of (|5|) , we have the reduced den- 
sity operators pf and pf for the atom and the field, re- 
spectively: 

p? = tr F £* t p = e 1 (f)|2) (2|+e 4 (t)|l)<l| 

pf = tr A £*p = ei (i) |n) (n\ + e 4 (*) |n + 1) (n + 1| . 

Thus, the degree of the entangled state ££p for Jaynes- 
Cummings model can be computed as 

h tP (p?,p() = tr£* t p {\og£* t p - \ogp? <g> p F t ) 

= s(rt) + s(p[)-s(£;p) 

= -ei (t) log ei (t) - e 4 (t) log e 4 (£) 
+ e 2 (t) log e 2 (t) + e 3 (t) log e 3 (t) . 

FIG. 2 shows the time development of the DEM for the 
Jaynes-Cummings model with the mean photon number 
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\0\ 2 = 5, the coupling constant g 
(A 0l Ai) = (0.7,0.3). 



1 and the parameters 
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FIG. 2. The DEM as a function of time t. 
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From FIG. 2, we find the time-development of the DEM 
for the Jaynes-Cummings model periodically shows the 
Rabi oscillation, which is an important feature in this 
model. Moreover, the entanglement degree takes the 
highest value around the time t s» 3 ~ 7 which corre- 
sponds to the collapse interval indicated in FIG.l. There- 
fore we conclude that the system in this model has the 
strongest entanglement when the system is the most cor- 
related. This result also coincides with the fact that the 
entanglement becomes bigger as the entangled state is 
closer to a pure state, which we also mentioned above in 
this letter. 
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FIG. 3. The DEM as functions of parameter Ao for Ti (solid 
curve), T2 (dashed curve), and T3 (dotted curve). 



In FIG. 3, the entanglement degrees at three revival 
times Ti , T2 and T3 are compared as a function of param- 
eter Ao- Then we conclude that the entanglement degree 
takes a higher value as the subscript k in increases, 
which makes us conjecture the following inequality for 
every k: 

h* Tk P (pT k ,PT k ) < H k+1 P (pT k+1 ,PT k+1 ) ■ 
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